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ABSTRACT 



We argue that a convenient way to analyze instabilities of black holes 
in AdS space is via Bragg- Williams construction of a free energy function. 
Starting with a pedagogical review of this construction in condensed mat- 
ter systems and also its implementation to Hawking-Page transition, we 
study instabilities associated with hairy black holes and also with the R- 
charged black holes. For the hairy black holes, an analysis of thermal 
quench is presented. 
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1 Introduction 



Within the mean field approximation, phase transition is primarily described via 
Landau theory. Under the assumptions that the order parameter is small and uniform 
near the transition, this theory provides us with a wealth of information about the 
nature of the phase transition. It is based upon a power series expansion of free 
energy in terms of the order parameter. The terms in this expansion arc normally 
determined by symmetry considerations of the phases. Furthermore, owing to the 
smallness of the order parameter, only a few leading terms are kept. The usefulness 
of the Landau theory lies in its simplicity as most of its predictions can be achieved by 
solving simple algebraic equations [1] . While this theory is most suitable in describing 
a second order phase transition, one needs to be somewhat careful to treat first order 
phase transition within this framework. This is because, in a first order transition, 
order parameter suffers a discontinuous jump across the critical temperature. If this 
change is large, a power series expansion of free energy may acquire ambiguities. One 
then requires a more complete mean field theory. An example of this kind is the Bragg- 
Williams (BW) theory [2,3]. Originally used to describe order - disorder transition 
of alloys, it has a wide range of applications [1,4]. In this approach, one constructs 
an approximate expression for the free energy in terms of the order parameter and 
uses the condition that its equilibrium value minimizes the free energy. Our aim in 
this paper is to use this approach to study phase transition involving black holes in 
the presence of a negative cosmological constant. 

In 1970, following the work of Bekenstein and others. Hawking showed that sta- 
tionary black holes have temperature T related to their surface gravity, and, they 
behave like thermodynamic objects. In the presence of a negative cosmological con- 
stant, these black holes asymptote to the anti-de Sitter (AdS) space and, provided 
that their size is sufficiently large, the temperature typically increases with their in- 
ternal energy. Therefore, unlike black holes in Minkowski space, these have positive 
specific heat and hence they are thermodynamically stable. However, as we reduce 
the temperature, at some stage, various instabilities creep in. A prime example of 
this kind is the well known Hawking-Page (HP) instability [5] , where below a critical 
temperature, a AdS-Schwarzschild black hole becomes unstable and crosses over to 
the thermal AdS space via a first order phase transition. A similar behaviour arises 
for the Reissner-Nodstrom black holes in AdS space in the grand canonical ensem- 
ble [6,7]. Subsequently, it was found that the charged black holes in five dimensional 
M — 2 gauged supergravity theory also exhibit rich phase structures. Black holes 
in this theory, known as i?-charged black holes, can carry three independent gauge 
charges and the stability of these black holes were studied, for example, in [8-10]. 
For single i?-charged holes, the phase structure is shown in figure 1. It is plotted in 
the T — ji plane where ii is the chemical potential conjugate to the charge. There are 
three distinct phases, namely, the thermal AdS, black hole and a yet unknown phase. 
At a low temperature and small chemical potential, the system is always in thermal 
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Figure 1: Phase diagram for the i?-charged black hole with single charge shown in 
temperature, chemical potential plane. Line separating thermal AdS and black hole 
represents the first order phase transition line given by equation (40). On the other 
hand, the line between black hole and the unknown phase is a second order line - the 
equation of which is given in (41). The dashed line is for T = l/vr below which we 
can not extend various phases. 



AdS phase. The cross-over from AdS to the black hole phase is shown by the dotted 
line in the plot. This is the usual first order HP transition. The black hole phase 
at fixed temperature also becomes unstable once the chemical potential is increased 
beyond a critical value. The corresponding stable phase is unknown as yet^. How- 
ever, if a stable phase exists, this transition would be a continuous phase transition 
marked by divergences of specific heat and susceptibihty. The sohd line in figure 1 
represents this critical line. Another interesting example of phase transition in black 
hole physics includes holes with scalar hair. In AdS space, it is possible to construct 
black holes with hair. The one which we consider here was found in [11]. These are 
electrically charged black hole solutions in four dimensional AdS space with a con- 
formally coupled scalar. Unlike previous examples, here, the horizon is a negatively 
curved two dimensional constant curvature manifold. We will call these holes as hairy 
black holes in this paper. A recent analysis on the stability of these black holes were 
carried out in [12]. It was concluded that at low temperature, the hairy black hole is 
stable. At high temperature, by losing "hair", it becomes unstable and crosses over to 

^It may also be possible that there is no stable phase at all. 



2 



a Reissner-Nodstrom phase with same horizon topology. Our aim in this paper is to 
study various instabihties mentioned in the previous paragraph within the framework 
of BW theory. As we will sec, all these transitions arc very elegantly captm^ed within 
this scheme. Its implementation is simple, it makes definitive statements about the 
nature of the phase transition and it gives us the mean field critical exponents where 
the black hole undergoes a continuous transition. In particular, for hairy to Reissner- 
Nordstrom transition, we construct the off-shell free energy function in terms of a 
suitably chosen order parameter and study the behaviour around its saddle points. 
We further use the BW potential to analyze the system under temperature quench. It 
turns out that the time variation of the order parameter after quench from unstable 
to its stable minimum can be semi- analytically constructed. As for the i?-charged 
black holes, we reproduce the complete phase diagram in figure 1 and also compute 
the classical critical exponents near the second order instability. 

Our motivation to analyse phases via BW theory grew out of gauge/gravity cor- 
respondence. Within this correspondence, gravity theory in AdS space is expected to 
have a gauge theory dual on the boundary. Details of these gauge theories depend 
on how one embeds AdS in ten or eleven dimensions, nature of the compactifications 
etcetera, and, in many cases, are not explicitly known. However, the dual nature 
of the correspondence suggests that since the gravity is weakly coupled, the gauge 
theory, if exists, has to have a strong coupling. Due to the lack of a systematic 
approach to handle strongly coupled theories, direct gauge theoretic computations 
become difficult. However, the behaviour of the weakly coupled gravity along with 
gauge/gravity duality often helps us exploring strongly coupled gauge theories. Asso- 
ciation of deconfining transition of large N, Af = 4 Yang-Mills with the HP transition 
in five dimensional AdS space is a classic example in this regard [13]. Our hope is to 
construct candidate effective potentials for gauge theories describing various phases 
at non-zero temperature via computations of BW potentials from their gravity du- 
als. For a partial success in this direction for i?-charged black hole with flat horizon, 
see [14]. Our construction of BW potential for hairy black holes might be useful to 
study some exotic holographic superconductors with higher order phase instabilities. 

The paper is organized as follows. In the next section, we introduce BW con- 
struction by considering the Ising model. We then employ this construction for AdS- 
Schwarzschild and Reissner-Nodstrom black hole in order to study the HP transition. 
This section is a review of the known results. In section three, we analyze black holes 
with of flve dimensional M = 2 gauged supergravity theories with single R-charge. 
Besides reproducing the phase diagram given is figure 1, we also find out various 
critical exponents near its second order instability line. Section four is devoted to the 
study of phase transition involving hairy black holes of [11]. Via BW construction, we 
critically analyze physics close to the saddle points representing stable phases. This 
section also includes an analysis of the system under thermal quench. The BW po- 
tential can be re-expressed in terms of the value of the scalar on the horizon. Treating 
this as an order parameter, we construct a time- dependent solution representing the 
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rolling of the order parameter from unstable to the stable point after the quench. In 
the last section, besides summarizing our results, we speculate how our results might 
be useful from the perspective of AdS/CFT correspondence. 



2 Bragg- Williams construction: a brief review 

This section is a review of BW theory and pedagogical in nature. It has three subsec- 
tions. In the first subsection, we discuss Ising model and use BW theory to capture 
second order paramagnetic to ferromagnetic transition. The later two subsections 
describe first order HP transitions for Schwarzschild and Reissner- Nordstrom black 
holes in AdS space respectively. 



2.1 Paramagnetic to ferromagnetic transition 

Bragg- Williams construction is perhaps best described via Ising model [1]. Let us 
consider Ising model on a lattice where, on each site, the classical spin variable o"; 
takes values ±1. These spins interact via a nearest neighbour coupling J > 0. The 
Hamiltonian is given by 

H^-.jJ2aiai,. (1) 

<//'> 

Here the sum is over the nearest neighbour / and The order parameter is m =< a >, 
the average of the spin. For spatially uniform m, the entropy can be computed exactly. 
The total magnetic moment is 

m = , (2) 

where iV+i and A^_i are the total number of +1 and —1 spins respectively. The total 
number of lattice sites is denoted by N. The entropy is the logarithm of the number 
of states and is given by 

S = ln(^C^^J = ln(^C^(i+^)/2) (3) 

which, for entropy per unit spin, gives 

SI 1 
s(m) = — = In 2 {1 + m)ln(l + m) - -(1 - m)ln(l - m). (4) 

In BW theory, the energy < H > is approximated via replacing a by its position 
independent average m. Thus 

E ^ -J J2 rn^ ^ —JNzm^, (5) 
<ii'> 2 
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where z is the number of nearest neighbours in the lattice. One then constructs the 
BW free energy per spin as 



/(r,m) 



E-TS 
TV 

IT T 
--Jzrn^ - T In 2 + -(1 + m)ln(l + m) + -(1 - m)ln(l - m). (6) 

Zi Zi z 



The BW free energy f{T,m) can be plotted as a function of m for various temper- 
atures. It can be checked that, for T > Jz, it has a single minimum at m = 0. 
However, for T < Jz, two minima occurs for non-zero values of m leading to para- 
magnetic to ferromagnetic transition. Critical temperature (T^) for this second order 
transition can be found by setting first and second derivatives of / to zero with the 
result Tc — Jz. For more details, we suggest the readers to look at [1,4]. 

2.2 HP transition: AdS-Schwarzschild black hole 

We can implement similar construction for AdS black holes. Consider a Schwarzschild 
black hole in {n + 2) dimensional AdS space. The metric is given by 

^ -v{r)dt'' + V{r)-'dr'' + r'^d^l, (7) 

with 

nr) = (l-^ + ^). (8) 

Here M is a parameter related to the mass or internal energy of the black hole and 
/ is the inverse radius of AdS space. We have set (n + 2) dimensional gravitational 
constant Gn+2 to one. The black hole has a single horizon where gu vanishes. We 
will identify the horizon radius as r+. The dimensionless temperature, energy and 
entropy densities are give by 

E = IE = 



(n + l)f2 + {n-l) 
Airf ' 



IGtt 



§=-. (9) 

Here If = Tj^. Before constructing the BW free energy, we will have to decide on an 
order parameter. Noticing the form of the entropy and the energy, it is only natural 
to consider f as the order parameter. We will see later that this order parameter has 
right behaviour expected from the instability associated with this black hole. We are 
now in a position to construct the BW free energy J-{f, T) as 

^(f, f) = E-fS^ -^—^ ^ - f-. (10) 
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Figure 2: BW free energy for five dimensional AdS-Schwarzschild black holes plotted 
against horizon radius f for different temperatures T. The solid line has two degen- 
erate minima - representing co-existence of black hole phase (minimum at f = 1) 
and the thermal AdS phase (with f = 0). This happens at a critical temperature 
Tc = 3/(27r). While above this temperature black hole is stable (dotted line), AdS is 
a preferred phase below (dashed line). 



A plot of the free energy in five dimensions as a function of f for various temperatures 
is shown in figure 2. Note that in (10), the temperature is a parameter. Its dependence 
on f as given in (9) appears after minimizing T with respect to f. At this minimum 
T reduces to the on-shell free energy of the black hole. It is given by 

F = T\^^ = \- ^. (11) 

We identify the AdS free energy with f equals to zero. The first order transition 
appears when 

= 0, and — = 0, (12) 

or 

are satisfied simultaneously. This happens for 

3 

f = 1, and Tc = — . (13) 

Below this temperature, black hole phase becomes unstable. As can be seen from the 
dashed line of figure 2, the f = phase is preferred. This is identified as the AdS 
phase. This is a first order phase transition causing a discontinuous change in the 
order parameter f. 
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2.3 HP transition: Reissner-Nodstrom 



A similar analysis can be performed for charged black holes in the AdS space. More 
specifically, we consider here the Reissner-Nodstrom black holes. Our discussion is a 
brief review of [15]. The metric has the same form as (7) with V{r) given by 

(14) 

where the additional q dependent term is due to the electric charge that is carried 
by the configuration. The largest root of the equation V{r) ~ represents the outer 
horizon and as before we parametrize it by r+. The chemical potential conjugate 
to the charge is given by 



[n — 




- c^Ji^) + (n + l)f2 






47rf 


167r" 




j^n— 1 / ' 
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M=^,with c=j2<!i^. (16) 
cr" V n 

The temperature, energy, entropy and charge densities are 

f 

Q = ^2n(n - l)q. (16) 

Here quantities with bars are made dimensionless by multiplying appropriate factors 
of / wherever necessary. We have, as before, taken Gn+2 — 1- The BW free energy 
density, in the grand canonical ensemble, is then 

T{f, f,fl) ^E-fS-Qfl 

= nf"-'(l - c'//') - 47rf"T + nf"+^ (17) 

Qualitative behaviour of the free energy is determined by whether jl is less than or 
greater than 1/c. We will only consider the case ft < 1/c. The other case can be 
found in [7]. For fixed one gets a similar graph as in figure 2. At the saddle point 
of we get 



AnT + ^167r2r2 - 4(n - 1)(1 - c^Ji'^) 

2(;H^T) ' ^^^^ 

which, when inverted to get the temperature, reproduces the one in (16). Critical 
temperature can be found using (12) with the result 
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Having discussed an application of BW formalism in the study of black hole insta- 
bilities, in the next section, we discuss another class of black holes which show both 
first and second order instabilities as (T, p,) are tuned and we analyze the system 
within the above framework. 



3 i?-charged black hole with spherical horizon: In- 
stabilities 

Let us start by briefly recapitulating the black hole in five dimensional M = 2 gauged 
supergravity. Five dimensional J\f = 2 gauged supergravity is obtained by compactifi- 
cation of ten dimensional IIB supergravity on S^. As shown in [16], this theory admits 
asymptotically AdS black hole solutions with three U{1) charges with three different 
horizon topology. For the purpose of this note we will focus on singly charged black 
hole with spherical horizon. 

The black hole metric with a single U{1) charge is given by 

ds'' = -H-lfde + m [r^dr'' + r'^dnfj , (20) 

where 

f = ^ - , _ . , , 

j,2 p J, 



/ = l-3 + S^' ^ = 1 + 1 (21) 



In the above equation, dVl^ is the metric on unit three sphere, / and m are related to 
the cosmological constant and the ADM mass of the black hole. In particular, / has a 
dimension of length. The zero of / gives the location of the horizon and in the above 
parametrization, the horizon appears at r = r+ where 

r+ = ^ J ■ (22) 

There is a non-trivial gauge field potential associated with this geometry and is given 

by 

Mpl±3). (23) 
^ r^ + q 

From the above we see that q is related to the physical charge. More explicitly, the 
physical charge 

Q = ^q{rl + q){l + rl). (24) 
The chemical potential is defined as the value of Al at the horizon and is given by 



g(l + ^+) (25) 
\ rl + q ' ^ ^ 
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It will be convenient for us to scale all the dimensionful quantities with appropriate 
powers of I and make them dimensionless. We write all these parameters with a bar 
on the top. For example, the dimensionless horizon radius and Hawking temperature 
of the black hole are given by, 

!±, ,-=1 f=iT=f±|ii. (26) 

Furthermore, we define the dimensionless Newton's constant G G — l^G and set 
G — tt/A. With this convention, energy and entropy are given by 

3 



E = ^m + q, ^ = 27rfYf2 + g. (27) 

We would like to study the system in the grand canonical ensemble where we treat 
T and jl as external parameters. The free energy is given by 

F^E-TS-UQ^- 2^1, ---P- (28) 

2(r^ — /j,^ + 1) 

Here P is the pressure. Let us note that F changes sign when f^ + pi^ — 1 changes sign. 
This is a first order transition and it leads to a crossover from AdS phase to the black 
hole phase. For the gauge theory this represents the deconfining transition. Given 
all these thermodynamic quantities, it is straightforward to compute the specific heat 
and susceptibility. These are given respectively by 



C 




27rf2(l + 2f2 + g)(3 + 3f2 - q)^/r^^ 
2f4 + f2 + - g2 + 2^ - 1 ' 



_ _ ( ^ . _ (f^ + q) (2f^ + + 5f2g + Qq-f -I) 

We note that specific heat and susceptibility diverge at 

2f4 + ^2 ^ --2 _ -2 ^ 2g - 1 = 0. (30) 

This represents the line of continuous phase transition. As one approaches this critical 
line, correlation length diverges. This shows up, as above, in the divergences of some 
thermodynamic quantities. Near this critical line, the black holes are expected to 
exhibit some universal features. These are encoded in a set of critical exponents 
normally called a, ^5, 7 and 5. Going close to this line with Ji, fixed, we define exponents 
a, /3, 7 as 

^-(f-fj-, g-a~(f-f,)^ x-^{f-%)-\ (31) 

Here Tc is the value of the critical temperature for the chosen Ji (The critical line can 
be expressed in terms of T and /2 and is given later, see (41)). Similarly, one defines 
Qc- The other static exponent 5 is defined as 

g-a- (/.-/.ji (32) 
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Here one approaches the critical hne with a trajectory on which T is constant. For 
the black holes in consideration, these quantities are easily calculable and are given 

by 

{a,M,5)^{^-\\.2). (33) 

First, note that these exponents are same as those computed for black holes with 
planar horizon [17,18]. Secondly, they satisfy the scahng relations 

« + 2/3 + 7 = 2, 7 = /3(5-l)- (34) 

Our main task is now to construct an effective potential that captures all the 
phases that we have just discussed. We will use the BW approach for this purpose. 
This approach requires us to identify an order parameter. Noting the fact that, for a 
first order transition, the change in order parameter is discontinuous and for second 
order, it changes continuously, we continue to use the horizon radius f of the black hole 
as the order parameter. Once a suitable order parameter is identified, one constructs 
the BW potential which depends on the order parameter, the temperature and the 
chemical potential. This is given by 

T{f, f,fl)^E-fS- jlQ. (35) 

In our case, using (24) and (27), we immediately get^ 



3 - 47tT , ,. + r 



f3+_ 

VI + - p:' ' ' ^ l + f'-p? 

The saddle point of namely 



(36) 



gives the equilibrium temperature. Using (36), from (37) we get 



27rfVl + - ■ 

Upon using (25), the above expression reduces to the one in (26). Furthermore, 
substituting (38) in (36), we get the on-shell free energy expression as in (28). We 
now proceed to study ^ as we change T and p,. From the expression of temperature, 
it is easy to note that it has a minimum Tq — I/tt when f = and Jx — 1. In what 
follows, wc will focus ourselves in the region T >Tq and jl >0. As noted before, the 
first order transition line is given by the equation 

f^ + jl^ -1 = 0. (39) 



^For a black hole with flat horizon a similar construction was provided in [14]. 



10 



Expressed in terms of T and this equation reduces to 

f=^±^. (40) 

represented by the dotted hne in figure 1. On the other hand, the second order 
instabihty hne (30) reads as 



(-A/x^ + r + A) 



r(r + 2A) ^^^^ 



v/27rr ^ A(r-2A(//2-l)) 
where 

A = (/i^- l)f(/i + l)f, r = /i4 + (A-2)/x2 + A2-A + l. (42) 

This is denoted by the sohd hne in figure 1. 

To see that ^(f, T, Ji) captures the whole phase diagram, we first fix Ji and plot 
T for various temperatures starting with T — Tq — We start with fl — 1. The 
behaviour is shown in figure 3. We note that ai T — Tq — l/n, T has a minimum at 
f = 0. Its first and second derivatives with respect to f also vanish at that point. In 
this sense, it is a point of infiection for ^. If we increase T further, we get minima 
for increasing values of f - representing stable black hole phases with increasing size. 
This is in complete agreement with the phase diagram in figure 1. Next, we analyze 
the system for < /i < 1. Prom figure 1, we expect that T should show a HP 
transition as we increase the temperature beyond a critical value. We precisely sec 
this in figure 4, where we have plotted for fl = .5. While the point f = is identified 
with the AdS phase, any finite value of f represents a black hole with f being the 
horizon. As we increase the temperature, we note a crossover from AdS to the black 
hole phase at T = T^p = 1.433/7r. This is shown by the dotted line in the figure. 
At this temperature the order parameter f changes discontinuously from zero to a 
finite value - clearly a signature of a first-order transition. Now as we decrease /2, HP 
transition temperature increases. In particular, for jl = 0, Thp = 3/(27r) as expected 
for AdS-Schwarzschild black hole. Pinally, we increase jl beyond 1. Por p. — 2, T 
is shown in figure 5. Plots are shown for different temperatures, starting with the 
critical one (solid curve). Below this temperature, we reach the yet unknown phase 
and the black hole is unstable. At higher temperatures (dashed and dotted curve), 
minima of the curves represent the stable black hole phases. 

We can continue the same exercise for T fixed at any value above I/tt and change 
jl. Por Thp < 3/(27r) and /i < 1, we first cross the HP hne. Close to this point, T 
behaves similar to that of figure 4. Purthcr increasing but keeping T fixed, wc hit 
the continuous phase transition line leading to figure 5. For T > 3/(27r), the first 
order transition is lost. Black hole is always a stable phase for low jl. However, as 
we take /i to a critical value, black hole ceases to be stable and we reach the second 
order line getting a figure similar to figure 5. 
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Figure 3: T is plotted as a function of the order parameter r for [i = \. The sohd, 
dotted and dashed curves are for T = I/tt, l.Ol/vr, l.OlS/vr. 




Figure 4: T is plotted as a function of the order parameter r for jj = .5. The solid, 
dot-dashed, dotted and dashed lines are for T = I/tt, I.S/tt, 1.433/7r, 1.45/7r. 




Figure 5: J" for p, = 2. Solid, dashed and dotted lines are for T = 0.86, 0.93, 0.95 
respectively. Solid line represents J-' at critical temperature. Below this temperature, 
black hole becomes unstable. The minima in the rest two curves show the stable 
black hole phase. 
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Finally, let us now discuss about the procedure for obtaining the critical exponents 
from the mean field potential T which has already been written in (33). We note 
that the specific heat at fixed chemical potential can be obtained from (36). 



C- — T 



(r-Tj-^ 



(43) 



which gives a — ^. If we approach the critical line along constant /i — /ic, then we 
see that 

Q-Q,r^{f-n)K (44) 

where Qc is the critical value of the charge at fixed fie- This shows that the critical 
exponent (3 has the value |. Similarly, the susceptibility behaves near the critical 
temperature as 

~(f-fe)-i (45) 

T 



X = 



dfjL 



This leads us to the critical exponent 7 = |- Finally, on approaching the critical hne 
with f = fe we get 

g-Qc- (/^-/ic)^. (46) 

So, this gives us S — 2. 



4 Hairy to Reissner-Nodstrom black holes: a con- 
tinuous phase transition 

In this section, we first review the main features of the hairy black holes [11] and their 
instability. We then characterize this instability via BW construction and argue that 
this black holes undergo a continuous transition at high temperature. 

We consider four dimensional gravity action in the presence of a negative cosmo- 
logical constant where the matter content is given by a conformally coupled real self 
interacting scalar field and a Maxwell gauge field. 

The black holes of this theory are described by the metric 

ds^ = -V{r)dt'^ + V(r)-^dr'^ + r'^da^, (48) 

with 

V{r) -^-[l + -y (49) 



13 



In the expression of the metric, da^ represents the hne element of a constant negative 
curvature two dimensional manifold. The scalar and the non-zero component of the 
electromagnetic field are given by 



It is important to note that the mass and charge are not independent but related via 
Here a is defined as 

In terms of appropriately scaled variables, the temperature, chemical potential, in- 
ternal energy, charge, and entropy densities are given by [11] 



T = 




-1), 


/X = 


Q 

— ) 
r 




—rlr 


-1), 




Q 

47r' 


S = 




a(f — 




1. 











(53) 

Note that due to the conformal coupling of the scalar to the curvature, the entropy 
density gets modified from standard form by an "effective" gravitational constant [12]. 
We also note that entropy remains positive only in the temperature range 

±(4zl]^T<M4±l]. (64) 

We call the limiting values to be Tmin, Tmax respectively. 

There is an additional black hole solution to the action (47). We will call this the 
Reissner- Nordstrom solution. The metric has the form [11] 

ds^ = -V{p)dt^ + V{p)-^dp^ + p^da^, (55) 

with 



with 

= 0, and At = -y (57) 
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The event horizon is located at V{p) — 0, the solution of which we will call p+. 
Thermodynamic quantities associated with this black holes are 



27r\2' 2p 2p^J- 

Q = -, S^-, p^-. (58) 

In the following, we will argue that the hairy black holes, in the grand canonical 
ensemble, are unstable and crosses over to the RN black holes at high temperature. 
We will also characterize this instability via BW analysis. First of all, in order to 
compare two different black holes, namely the RN and the hairy one, we will have to 
make sure that they have the same temperature and chemical potential. That means 

1 /3_ 1 N 1 



* = 1 (59) 

p r 

These two equations allow us to express and p in terms of q and f. In particular, 
for p, we get 

p = - f + 2f2 + A/3g2 + 4f2 - 4f3 + 4f4). (60) 
3r ^ V J 

The BW free energy density for both the black holes can now be easily computed 
as was done in the previous sections. For the hairy one it reads 

47rJ-hair = AT:{E-fS-Qp) 

(f — Y]^ 

= f(f- 1) -7rf^(l -a ^ _^ ' )t - f{f - l)y/a^ fi 



f(f - 1) - 7rf2(l - a ^"' _^ ' )t - ^^—^f{f - l)(27rf - 1). (61) 



In going from the first line to the second, we use the fact that for hairy black holes, q is 
not independent, but related to p and hence f through (51). Similarly, the conjugates 
p is related to T via 

p^]- v/^^(27rr - 1) . (62) 

We used this equation to get to the last line of (61). As for RN black holes, we can 
proceed similarly to get 

47rJ'RN = A7r{E -fS -Qp) 
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2 2 2p ' 

= y - f + f (« - - 1)^ - - |(a - l)(f - l)(27rf - 1), (63) 

where we need to substitute p using (60) and further 5 by m and hence by f. In 
order to write (63), we have also made use of the second identification given in (59). 
Further, using (60) and (61), after some simphfication, we can re- write as 

/RN(f,f,a) = ^f(l + f)(-l-f + 5)(-5 + 4f-67rf) + 3a(f- l){3 + 12f^-5 
54 L 

+ 307rf - 67r(5f + f(-21 + 4(5 - ISttT )}] + f(f - 1) 

-TTf'fl - a ^"' ~ V - ^^^f(f - l)(27rT - 1). (64) 

with 

6 = ^3a(f-l)2 + (f+l)2. (65) 
The saddle point of (61) and (64) occurs at 



f=^(l + 27rr), (66) 



and at the minima, 

•Fhair = -^(r' + a(f- 1)2), 



1 

j-j^N = (2 + 6f - 21f2 + 2f^ - 25(1 + f)2 - 3a(-l + f)2(-3 + 25 + 6f)) . 

2167r ^ ' 

(67) 

While for T < Tc = l/(27r), ^hair minimizes the free energy, for T >Tc, RN represents 
the stable black holes. Prom (66), it follows that at the critical temperature Tc, 
f — fc — l. Near Tc it follows that 

f-f,^f-f,, jr-^,^{f-f,)\ (68) 

where is the value of ^ at f = fc. The derivative of specific heat with respect 
to temperature has a discontinuity around fc of (2 + ajTi"^. This is thus a continuous 
phase transition from hairy to RN black holes. The critical exponent following from 
(68) is q; = — 1,/5 = 1. In figure 6, we have plotted T for different black holes at 
different temperatures and scalar couplings. The behaviour of T close Tc is shown in 
figure 7. 

We note that the BW free energy constructed in (61) can also be expressed using 
the value of the scalar cf) at the horizon as order parameter. Inverting (50), we can 
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-l.Oh 



Figure 6: This figure is a plot of (61) and (64) for a = 25 and for different temper- 
atures. Tlie solid lines and the dashed lines represent the hairy and the RN black 
holes respectively. Green, magenta and black curves are for T = 0.11, l/(27r), 0.2 
respectively. We see that while at low temperature free energy is minimized by the 
hairy black hole, RN black holes dominate at high temperature. At T = l/(27r), free 
energies are equal at the minimum. 
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Figure 7: This figure is the behaviour of the free energy function close to T = = 
l/(27r) for a = 30. Blue and red are for T <Tc and T >Tc representing hairy and RN 
black holes respectively. At T = Tc, the minima for both are degenerate. Clearly, the 
order parameter f, at which the minima occur, changes continuously around critical 
temperature leading to a continuous phase transition. 
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express J-hair as, 



47rAair = ^ f4yS7rr02 + J^(i + a- 2(a- \)T^f)4>n - Sy^f ). (69) 

(^f - 200' ^ V TT ^ 

Here 0^ is the value of the scalar at the horizon. The expression on the right has a 
minimum at 

such that, for f = f;, = 0. 

Having reached this far, we now like to address some dynamical issues associated 
with this system. In particular, we ask as to how the order parameter 0/j behaves in 
time as we temperature quench the system from T > Tc to T < Tc- We assume that, 
during the quench, the temperature changes so fast that immediately after the 
change, is identical to its value before . However, at a later time 0/i must roll down 
to its stable position given by (70). In the following, we will be interested in finding 
out the interpolating solution 0/i(t) which connects the unstable to the stable point. 

The equation that we need to solve is 

pi) 

where ^hair is given by (69). This equation can be immediately integrated once to 
get 

\{dt<^hf^K^,Mh)^C. (72) 

The integration constant C can be fixed by the boundary condition di^h — for 
(f)h — 0. This gives 

^(Mh)^ + Jhair(0ft) = Aair(O) (73) 

It turns out that this equation can be integrated exactly with the boundary condition 
(l)h{t) — ai t — 0. The result can be expressed in a form 

/(</.,, a,f) = t, (74) 

where / is a known function of (ph- Furthermore, it has parametric dependences 
on T and a. This function is too non-illuminating and hence we do not display it 
here. It however turns out that the equation above can not be analytically inverted 
to get (phit) as an explicit function of t. Nevertheless, numerically it can be solved 
and the result is shown in the figure 8. In the plot, we have shown two cases where 
temperature T is quenched down to .14 (red) and .13 (blue). The value of a that we 
have chosen is 90. Starting from (f)h{t) = ed, t — 0, (f)h{t) rolls down to respective 
stable points dictated by the equation (70). 
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Mi) 




Figure 8: This figure shows behaviour of (l)h{t) after quenched to different tempera- 
tures below Tc = l/(27r). The vertical axis is (f)h and the horizontal one is t. The 
plots are for a = 90. While the lower one (blue) curve is for temperature quenched 
to T = .13, the upper one (red) is for T = .14. We see (phit) starts with zero value at 
t = and at a later time reaches a non-zero negative stable point determined by the 
equation (70) 
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5 Summary 



In this work our aim was to study black hole instabilities within the framework of 
BW theory of phase transition. After providing a pedagogical review to this subject, 
we employed BW method in two cases. One involved the i?-charged black holes with 
spherical horizon in five dimensional AdS space. In the presence of non-zero chemical 
potential, it undergoes both first and second order transitions. Wc found that BW 
theory, with horizon radius as order parameter, captures all these instabilities. We 
hope that, via AdS/CFT correspondence, the constructed BW free energy will be 
useful to study the phases of strongly coupled Af = 4 SYM theory on at finite 
temperature and chemical potential in the same way as in [14]. 

The other example that we studied is the fate of four dimensional hairy black holes 
with hyperbolic horizon. Again, via a BW analysis we argued that with the increase in 
temperature, this black hole becomes unstable, loses its "hair" and turns into a stable 
RN black hole. This transition is analogous to a third order phase transition with a 
singularity in the derivative of the specific heat. The BW free energy is constructed 
in (61). Using value of the scalar on the horizon as order parameter, we studied its 
behaviour under temperature quench. The corresponding rolling down solutions were 
semi-analytically constructed. 

Within the AdS/CFT correspondence, in [19,20], second order instabilities asso- 
ciated with hairy black holes with flat horizon were used to understand holographic 
superconductors at the boundary. We note that superconductors with possible higher 
order transition (similar to the one we discussed) has been reported earlier, see for ex- 
ample [21]. We hope a construction like (69) will be useful to analyse such holographic 
superconductors, however in hyperbolic space. 
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